ELLIPTIC K3 SURFACES WITH ABELIAN AND DIHEDRAL GROUPS OF 

SYMPLECTIC AUTOMORPHISMS 
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Abstract. We analyze K3 surfaces admitting an elliptic fibration £ and a finite group G of sym- 
plectic automorphisms preserving this elliptic fibration. We construct the quotient elliptic fibration 
£/G comparing its properties to the ones of £. 

We show that if £ admits an n-torsion section, its quotient by the group of automorphisms induced 
by this section admits again an n-torsion section. 

Considering automorphisms coming from the base of the fibration, we can describe the Mordell— Weil 
lattice of a fibration described by Kloosterman. We give the isometries between lattices described 
by the author and Sarti and lattices described by Shioda and by Griees and Lam. Moreover we 
show that for certain groups H of G, H subgroups of G, a K3 surface which admits H as group of 
symplectic automorphisms actually admits G as group of symplectic automorphisms. 



0. Introduction 

An automorphism on a K3 surface is called symplectic if it leaves invariant the nowhere vanishing 
holomorphic two form of the K3 surface. Nikulin was the first to study this kind of automorphisms. 
One of the main properties of a finite group G of symplectic automorphisms on a K3 surface X is that 
the desingularization of the quotient X/G is again a K3 surface. It is a general fact (cf. [Nlj . [Wj ) 
that if X is a K3 surface admitting a finite group G as group of symplectic automorphisms, the lattice 
'■= (^(XjZ) ) 1 - is primitively embedded in NS(X). Similarly, if Y is a K3 surface obtained as 
desingularization of X/G, there exists a lattice, called Mg, (which contains the curves arising from 
the desingularization of X/G) which is primitively embedded in NS(Y). 

Here we analyze examples of elliptic K3 surfaces admitting symplectic automorphisms preserving the 
elliptic fibration, and we describe the quotient surfaces. 

In |GS1| and |GS2j elliptic fibrations on K3 surfaces are considered to analyze some properties of 
the family of K3 surfaces admitting finite abelian groups of symplectic automorphisms. In particu- 
lar, if a K3 surface X admits an elliptic fibration £ with a torsion section t, it admits a symplectic 
automorphism cr t , which is the translation by the torsion section, and which acts as the identity on 
the base of the fibration. This automorphism preserves the fibration, hence, on the desingularization 
of the quotient surface X/a t , there is an elliptic fibration, induced by the one on X. In Section^ 
Proposition I4.1[ we give our main result about such elliptic fibrations: if £ is the generic elliptic 
fibration admitting a certain group G — (t) (generated by a torsion section t) as Mordell- Weil group, 
then the elliptic fibrations £/<Jt and £ have isomorphic Mordell- Weil groups and the same type of 
singular fibers. This implies that the Neron-Severi groups of the surface X and X/<j t are isometric 
and we determine them. Using the fact that X/ot is obtained as quotient of a K3 surface by a group 
of symplectic automorphisms, we show that its Neron-Severi group is isometric to U © Ma- In |GS1| 
and |GS2| the Neron-Severi group of X (and hence the one of X/at since they are isometric) was 
described considering its relation with the lattice Qq, and in fact NS(X) was obtained as overlattice 
of finite index of U{n) © CIq, where n — \G\. 

The relation between the elliptic fibration with a certain torsion section and the elliptic fibration ob- 
tained as quotient of this by the automorphism induced by section can be analyzed in a more general 
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setting. In Section [H we recall that if E is an elliptic curve denned over a field K with a rational 
n-torsion point T n , and there is a primitive n-th root of unity in K, then the elliptic curve E/(T n ) has 
again a rational n-torsion point. In the particular case of the elliptic fibration with base P 1 (analyzed 
in Section^ this implies that the quotient of the elliptic fibration with the automorphism induced by 
an n-torsion section, is again an elliptic fibration with an n-torsion section. 

Until now, we considered automorphisms of elliptic fibrations with base P 1 (and in particular on K3 
surfaces) which act trivially on the base. But, of course, it is possible to construct also automorphisms 
of the elliptic fibrations which are induced by automorphisms of the base of the fibrations. This kind of 
automorphisms is interesting because they are related to base changes of elliptic fibrations. In Section 
[5| we construct elliptic fibrations with base P 1 admitting certain automorphisms acting also on the 
basis and we compute the equation of the elliptic surface obtained as quotient of the elliptic fibrations 
by these automorphisms. In Section we come back to the case of the K3 surfaces and we consider 
the automorphisms constructed in Section [SJ which are symplectic in the case of K3 surface. The 
main result of this part is that we can construct elliptic fibrations such that the Neron-Severi group 
is U © ftc for certain abelian groups G (this is in certain sense the analogue of result of Proposition 
14.11 where we constructed surfaces with Neron-Severi U © Mq), Moreover, this construction gives a 
very nice interpretation of the lattice Qq, which appears in this situation as the Mordell-Weil lattice 
of the fibration. As a consequence, we proved that certain lattices found by Shioda in [Shio3] and 
Shiol] are isometric to the lattice Oz/nZ for n = 5, 6 computed in GSl] and |GS2j . 
Moreover, considering automorphisms which come from the base of the fibration, we can construct 
some dihedral groups of symplectic automorphisms on K3 surface. Let T> n be the dihedral group 
of order 2n. By [X], if D n appears as group of symplectic automorphisms of a K3 surface, then 
n = 3,4, 5, 6. In Section^a family of elliptic K3 surfaces admitting the group V4 as group of symplec- 
tic automorphisms is described. The automorphisms generating X>4 came from automorphisms of the 
base of the fibration. The family considered here was described in |K1| to give an example of an elliptic 
K3 surface with rank of Mordell-Weil group equal to 15. However in [Kl] the Mordell-Weil lattice 
and the Neron-Severi group of this fibration are not described. Here we prove that the Mordell-Weil 
lattice has to be equal to f£x> 4 and, considering a special member of the family, we compute explicitly 
this lattice and we prove that it is isometric to a lattice described in |GLj . Moreover, (as in case of 
the abelian group G) we prove that the Neron-Severi group has to be isometric to U ffi f2x> 4 . 

In Section [H we consider examples of elliptic K3 surfaces admitting the dihedral groups V n as groups 
of symplectic automorphisms. We consider both automorphisms which come from automorphisms of 
the base, and which are induced by torsion section, so in a certain sense we combine the constructions 
considered before. The examples considered in this section are used to prove an interesting phenom- 
enon, which was already described in [G2j for the group of symplectic automorphisms P5: let H be 
a subgroup of G. If G appears as group of symplectic automorphisms on a K3 surface, of course so 
does H. For certain groups H and G, if one constructs the family of the K3 surfaces admitting H as 
group of symplectic automorphisms, one finds that all the members of this family admit the group G 
as group of symplectic automorphisms. We prove that this happens for the pairs (H,G) (Z/nZ,X>„), 
n = 5,6, (Z/2Z x Z/4Z,Z/2Z x X> 4 ), (Z/3Z x Z/3Z,2l 3j3 ). In particular this implies that for each of 
these pairs fin — ^G- I n Section [5] we reconsider the problem analyzed in Section [5] in a more general 
setting. We consider pairs of groups (H, G) such that H is a subgroup of G and such that the K3 
surfaces admitting H as group of symplectic automorphisms admits in fact the group G as groups of 
symplectic automorphisms and we show that this property is equivalent to a property related only to 
the lattices £Ih and flc (Proposition 19. 1|) . We prove that there are pairs (H,G) with this property 
which are not among the ones described in Section [51 but the ones described in Section [5] are the only 
ones such that rki!#=16. 

/ would like to thank Bert van Geemen for his invaluable help, Jaap Top for useful discussions and 
Tetsuji Shioda for the lectures he held in Milan, which aided me greatly in working on this paper. 



ALICE GARBAGNATI 



3 



1. Background material 

Here we collect the main results on symplectic automorphisms on K3 surfaces and on elliptic fibrations 
on P 1 which will be useful in the following. 

1.1. Symplectic automorphisms on K3 surfaces. 

Definition 1.1. An automorphism a on a K3 surface X is symplectic if a* acts as the identity on 
H 2,0 (X), that is a* (lux) = ^x, where lux is a nowhere vanishing holomorphic two form on X. 
Equivalently a is symplectic if the isometry induced by a* on the transcendental lattice is the identity. 

Let a be an automorphism of finite order on a K3 surface. The desingularization of X/a is a K3 
surface if and only if a is symplectic. 

The main results about the finite abelian groups of symplectic automorphisms on K3 surfaces were 
obtained by Nikulin in [N1J. In particular he classifies these groups and proves that the isometries 
induced on the second cohomology group of the K3 surfaces, called Ak3, by a finite abelian group of 
symplectic automorphisms on a K3 surface are essentially unique ( |N1| Definition 4.6, Theorem 4.7]). 
As a consequence of this theorem one obtains that if a K3 surface X admits a certain group G as 
group of symplectic automorphisms, then the lattice flc '■— (•A-K's) ' which is primitively embedded in 
NS{X) C H 2 {X,Z) (cf. [NT], [GST] , [GS2] ), does not depend on X, but only on G. The lattices Vt G 
are computed in [GSlj . |GS2j for each possible finite abelian group G of symplectic automorphisms 
on a K3 surface. 

Hence, the main result about the finite abelian groups of symplectic automorphisms is: 

Proposition 1.1. ([NT], [GST] . [GS2] ) Let G be a finite abelian group. A K3 surface X admits G as 
group of symplectic automorphisms if and only if^ia is primitively embedded in NS{X). 

In [Nlj the number and the kind of the singularities of the quotient of a K3 surface by a finite 
abelian group of symplectic automorphisms are classified. If X is a K3 surface admitting a finite 
abelian group of symplectic automorphisms G, then X/G has singularities of type A\. Hence in the 

desingularization X/G we obtain some rational curves Mi which are the exceptional curves of the 
blow ups which dcsingularize the surface. 

Definition 1.2. Let Mq be the minimal primitive sublattice of NS(X/G) containing the curves Mj 
arising from the resolution of the singularities of X/G. 

The lattice Mq contains some linear combinations of the Mj with rational, non integer, coefficients. 
For each finite abelian group G which can act symplectically on a K3 surface a description of the 
lattice Mq is given in |N1( Section 7] . 

In [Muj and in [X] the finite (but not necessary abelian) group of symplectic automorphisms are 
classified. In [X] the singularities of the surface X/ G (where G is a finite group of symplectic auto- 
morphisms of X) are described. Moreover the main result of |Nlj (i.e. the uniqueness of the isometry 
induced on the second cohomology group by the finite abelian group of symplectic automorphisms) 
holds also in the non abelian case, [W]. Hence Proposition 11.11 holds also for finite groups G, not 
necessary abelian. The lattice Q,q has not yet been explicitly determined for each G. 

1.2. Elliptic fibration on P 1 . 

Definition 1.3. Let X be a surface and B a curve. An elliptic fibration £ : X — > B on the surface 
X is a fibration such that the generic fiber is a smooth curve of genus one and such that a section 
s : B — > X is fixed. We call this section the zero section. 

We recall that every elliptic fibration can be regarded as an elliptic curve over the function field of 
the basis. We will assume B ~ P 1 . Under this assumption each elliptic fibration admits a minimal 
Weierstrass equation of the form 

y 2 = x 3 + A(t, o)x + B(r,a), A(r,a), B(t, a) G C[r, a] hom, deg A(t, a) = 4m, deg B(t, a) = 6m 
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for a certain m G N>o and where there exists no a polynomial C(r, cr) such that C(r, a) 4 \A(r, a) and 



We use the notation A(t) and -B(r) to indicate the polynomial A(t, 1) and B(r, 1). 
If to = 1, then X is a rational surface, if m = 2, X is a K3 surface, ii m > 2 X the Kodaira dimension 
of X, k(X), is 1. More in general h 2 >°(X) = dimH 2 '°(X) = m — 1 (and a basis of H 2 -°{X) is given 
by T l dx/y A dr, i = 0, . . . , m - 2). 

Hence in particular if degA(r) < 4 and degB(r) < 6, then the surface X is rational. 

There are finitely many singular fibers. The possible singular fibers on an elliptic fibration are de- 
scribed by Kodaira (cf. for example [Mi] ) . In particular the fibers of type I n , n > 2 are made up 
of 77 rational curves meeting as a polygon with n edges. We will call Co the irreducible component 
of a reducible fiber which meets the zero section. The irreducible components of a fiber of type I n 
are called Ci where C$ • Ci+i = 1 and i G TLjriL. Under the assumption Cq • s = 1, these conditions 
identify the components completely once the component C\ is chosen, so these conditions identify the 
components up to the transformation Ci <-> C_; for all i G Z/nZ. The components of a reducible fiber 
of type /„ have multiplicity one, so a section can intersect a fiber of type /„ in any component. 

The set of the sections of an elliptic fibration form a group (the Mordell-Weil group), with the group 
law which is induced by the one on the fibers. Let r be the rank of the Mordell-Weil group (recall 
that if there are no sections of infinite order then r — 0) and p = p{X) be the Picard number of the 
surface X and Red be the set Red — {v G P 1 | F v is reducible}. Then 



(cfr. [Shioli Section 7]) where 777„ is the number of irreducible components of the fiber F v . 

Definition 1.4. The trivial lattice Trx (or Tr) of an elliptic fibration on a surface X is the lattice 
generated by the class of the fiber, the class of the zero section and the classes of the irreducible 
components of the reducible fibers which do not intersect the zero section. 

The lattice Tr admits the hyperbolic plane U as sublattice and its rank is rk(Tr) — 2+^^ gHed (777„ — 1). 

Theorem 1.2. [Shiol| Theorem 1.3] The Mordell-Weil group of the elliptic fibration on the surface 
X is isomorphic to the quotient NS(X)/Tr —: E(K). 

In Section 8 of jShiolj a pairing on E(K) is defined. The value of this pairing on a section P depends 
only on the intersection between the section P and the reducible fibers and between P and the zero 
section. Now we recall the definition and the properties of this pairing. 
Let E(K) t or be the set of the torsion elements in the group E(K). 

Lemma 1.3. [Shiol, Lemma 8.1, Lemma 8.2] For any P G E(K) there exists a unique element <fi(P) 
in NS(X) ® Q such that: 

i) cj)(P) = (P) mod Tr ® Q (where (P) is the class of P modulo Tr <g) Q) 

ii) 4>{P) _L Tr. 

The map <j) : E(K) —> NS(X) ® Q defined above is a group homomorphism such that Ker{4>) = 
E(K) tor . 

Theorem 1.4. [Shioli Theorem 8.4] For any P,Q G E(K) let (P,Q) = -<j)(P) ■ <p{Q) (where ■ is 

induced on NS(X)®Q by the cup product). This defines a symmetric bilinear pairing on E(K), which 

induces the structure of a positive definite lattice on E(K)/E(K) tor - 

In particular if P G E(K), then P is a torsion section if and only if (P, P) = 0. 

For any P, Q G E(K) the pairing (— , — ) is 



C(r,a) 6 \B(r,a). 



p(X) = rkNS(X) = r + 2+ ^ (m v - 1) 



v£Red 



(P,Q) 
(P,P) 



x + p. s + Q. s -P.Q-J2 veRed 
2 X + 2(P-s)-j: veRed contr v (P) 



contr„(P, Q) 
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where \ is the holomorphic Euler characteristic of the surface and the rational numbers contr„(P) 
and contr„(P, Q) are given in the table below 

h In I* IV* IIP 

(1) COntr ^) 2/3 i(n-i)/» j \ = \. = „ _ , Qr . = „ 4/3 3/2 
contr.„(P,Q) 1/3 i(„-i)/„ {^ / iy 1 i = B _ lori = n 2/3 - 

where the numbering of the fibers is the one described before, P and Q meet the fiber in the component 
Ci and Cj and i < j . 

The pairing defined in the theorem is called the height pairing. This pairing will be used to determine 
the intersection of the torsion sections of the elliptic fibrations with the irreducible components of the 
reducible fibers. 

The Mordell-Weil group equipped with the height pairing is called Mordell-Weil lattice. We remark 
that if rk(Tr) = 2 (i.e. there are no reducible fibres and hence no torsion sections), the height 
pairing on the Mordell-Weil group is the restriction of the cup product on NS(X) to <j){E{K)). So, 
if rfc(Tr) = 2, the Mordell-Weil lattice is the sublattice (f>{E) of NS{X). 

2. Quotient of elliptic curves by groups generated by torsion points 

An elliptic curve is a pair (E, O), where E is a cubic curve defined over a field K and O is a rational 
point on this curve. We will assume charK ^ 2, 3. Each elliptic curve admits an equation of the 
following form 

y 2 = h(x), where f 3 (x) G K[a;], deg(f 3 ) = 3 and A(/ 3 ) ? 0, 
where A is the discriminant of a polynomial /. The point O = (0 : 1 : 0) with respect to the projective 
coordinates (x : y : z) is a point on the elliptic curve. 
We recall the following result: 

Proposition 2.1. Assume that £„ G K is a primitive n-th root of unity. Let E n be an elliptic curve, 
defined over the field K, admitting an n-torsion rational point Q. 

Then the elliptic curve E n /{Q) has an n-torsion rational point R. Moreover the elliptic curve 
(E n / (Q))/ (R) is isomorphic to the curve E n . 

Proof. Let us consider the group E n [n] = {S G E n (K) such that nS = 0}. 

For each a £ Gal(K/K) and S £ E n [n], also a(S) G E n [n]. So Gal(K/K) acts on E n [n] ~ Z/nZ x 

Z/nZ. Thus we get an homomorphism p n : Gal (K/K.) — > Aut(E n [n]) ~ GL2(Z/nZ). 

Let Q and R be two generators of E[n]. By hypothesis Q is a rational point and so for each a G 

— r 1 o- 

Ga/(K/K), o-(Q) = Q. Hence p„(cr) = ° . 

U Po- 

Let e„ : x J5„[n] — > /i„ = {n-th roots of unity} be the Weil pairing. It induces an isomorphism 

/\ 2 E n [n] — > u„. Since cr acts on i? n [n], A 2 (cr) acts on A 2 E n [n]. The map A 2 (cr) is the multiplication 
by det(p n (a)). As £„ G K, det(p n (a)) = 1. This implies that (3 a = 1 for each cr G Ga/(K/1K). So 

and er(i?) = a a Q + R for each a E Gal (K/K). 

The morphism 

<f> : E n -f £^/(Q> 

is defined over K and thus i? := 0(i?) is a rational n-torsion point on E/(Q). The composition 
i?„ — > E n /{Q) — > (E n /(Q)) /(R) is a multiplication by n on i?„. □ 

For certain values of n the curve i?„, which admits an n-torsion rational point, the quotient map <f> 
and of the curve E n / (Q) can be given explicitly. For n = 2 these equations are very well known (see. 
e. g. |ST[ Pag. 79]), for n = 3 they can be found in jT]. As example here we give a similar result for 
n = 4. 



1 a<r 
1 
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Proposition 2.2. The curve E admits a ^-torsion rational point if and only if, up to a change of 
coordinate, it admits an equation of the form 

y 2 =x(x 2 + (e 2 -2f)x + f 2 ). 

Let us assume that E admits such an equation, then Q = (/, ef) is a ^-torsion rational point. Let 
G=(Q). 

The curve E/G has equation 

y 2 = x(x 2 - 2(e 2 + 4/> + (e 2 - 4f) 2 ). 

If i G K with i 2 = — 1, then the equation becomes y 2 = x(x 2 + (h 2 — 2g)x+g 2 ) with g — 4/ — e 2 , h = 2ie. 
In particular if i <E K, E/G admits a 4-torsion rational point, which is the image of a 4-torsion point 
on E(K) not in G. 
The quotient map is: 



4>(P) 




] % X T x y' e2fx2) ) l>, V) (0, 0), (/, ef), (/, -ef), E 

ifP= (x, y) = (0, 0), (/, ef), (/, -ef), E 



Proof. The elliptic curve E has in particular a point of order two, so has an equation of the form 
y 2 = x(x 2 + ax + b) (see e.g. |ST[ pag. 79]). To determine a and b we observe that a smooth elliptic 
curve of the hbration has a point Q of order four if Q + Q = R = (0, 0) which is the rational point of 
order 2. Geometrically this means that the tangent to the elliptic curve through Q must intersect the 
curve exactly in the point R. Taking Q = (e, ef) the equation is 

y 2 = x(x 2 + (e 2 -2f)x + f 2 ). 

To obtain the equation of the quotient curve E/G, we will consider the quotient by the point of order 
two R, and next the quotient by the image of Q on the curve E/(R). The point R corresponds to 
(0,0). By [SH pag. 79] the curve E/(R) is 

y 2 - x(x 2 - 2(e 2 - 2f)x + ((e 2 - 2/) 2 - 4/ 2 )) 

and so 

y 2 = x(x - e 2 )(x - e 2 + 4/). 

This curve has three 2-torsion rational points: (0,0), (e 2 ,0), (e 2 — 4/, 0). The 4-torsion point Q is 
mapped to the point Q = (e 2 , 0) on E/ (R), which is clearly a 2-torsion point on E/ (R). We consider 
a transformation which sends Q to (0, 0). Under this transformation the equation becomes 

y 2 = (x + e 2 )x(x + 4/). 

Its quotient by the point (0, 0) (i.e. by the point Q) is 

y 2 = x(x 2 - 2(e 2 + Af)x + (e 2 - 4f) 2 ) 

If i 6 K, then the equation becomes 

y 2 = x(x 2 + (h 2 - 2g)x + g 2 ) with g = 4/ - e 2 , h = 2ie 

which is the equation of an elliptic curve with a rational 4-torsion point (g,gh). 

To describe explicitly the map we have to consider the map given in |ST| Pag. 79], to compose them 
with the translation (x, y) i— > [x — e 2 , y) on E/(R), and to compose again with the map given in [STL 
Pag. 79]. □ 

3. Automorphisms induced by sections 

Now we consider an elliptic hbration £ : X — > P 1 . We will indicate with £ also the equation of the 
hbration viewed as elliptic curve over k(P 1 ). If the equation is in the standard Weierstrass form, we 
can assume that there is a zero section which is the map r i— > (0 : 1 : 0). The other sections of the 
elliptic hbration £ , if any, induce automorphisms on X. 
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Definition 3.1. If t is a section, then we call a t the automorphism defined as translation by t. It 
acts as the identity on the basis of the fibration P 1 . 

The group G = {at) is a group of automorphisms of X which preserves the elliptic fibration £. Let us 
consider the desingularization, X/G, of the quotient X/G. Since the elliptic fibration £ is preserved 
by G, X/G admits an elliptic fibration induced by £. We call it £/G. 

The torsion sections of the fibration £ : X — > P 1 are torsion rational points of £ considered as an 
elliptic curve over the field ^(P 1 ). 

If the section t is an n-torsion section, the automorphisms e>t is of order n. In particular, if G — 
torsMW{£), then G is a finite abelian group of automorphisms on X. 

Remark 3.1. Let t be a section of order n on X. If X is a rational surface, then 2 < n < 6; if X is 
a K3 surface, then 2 < n < 8. Indeed, if t is a torsion section, then the height formula computed on t 
is zero (Theorem II .4p . This implies that there are a certain number and type of reducible fibers. The 
Picard number of a rational (resp. K3) elliptic surface is 10 (resp. at most 20), this gives a bound for 
the order of the possible torsion sections on these surfaces. □ 

The following lemmas describe explicitly the action of the automorphism cr t on the semistable reducible 
fibers of the fibration. The case of instable fibers is similar, but is not useful in the following. 

Lemma 3.2. |GS2|, Lemma 2.2] Let t be an n-torsion section and F v be a reducible fiber of type Id of 

the fibration and let us suppose that the section t meets the fiber F v in the component Ci . 

Let r be the minimal number such that (o~t)^ F {Cj) = Cj, Vj G Z/cJZ. 

If gcd(d, n) = 1 then r = 1, i = and at{Cj) — Cj, Vj G Z/cJZ. 

If gcd(d, n) =/= 1 and i = 0, then r — 1 and o~t(Cj) = Cj, Vj G Z/dZ. 

If gcd(d, n) ^ 1 and i ^ 0, then r = dj gcd(d, i), r\ gcd(d, n), and at{Cj) = Cj+i. 

Lemma 3.3. Let £ be a fibration with a singular fiber F v of type Id and an n-torsion section t as in 
the previous lemma and let G = {a t ) ■ Then the image of the fiber F v on £/G is a fiber of type Idn . 

Proof. The singular fiber F v /G has f component meeting as a polygon (because (ct)|F„ identifies each 
component with r other components). Since a r t fixes the points of intersection of the components in 
F v (and hence the stabilizer of each point is Z/^Z), each vertex of the polygon F v /G is a singular 

point of type ^4«_i. So in X/G there is a tree of — — 1 rational curves over such a point. Hence the 
fiber corresponding to F v on £/G is a polygon with = • 2 edges, i.e. a fiber of type Idn. □ 

Proposition 3.4. Let £q be an elliptic fibration on P 1 admitting either G = 'L/rnL or G — TL/mL x 
Z/nZ as torsion part of the Mordell-Weil group. Then G C tors(MW(£G/G)). 

Proof. This follows by Proposition 12.11 and by the fact that G ^(P 1 ) for each n. □ 
The equations of elliptic fibrations £q for G — Z/nZ, n = 2,3,4,5,6,8 are the ones given in |GS2[ 
Table 1] with different degrees for the polynomials with variable r. If 5* is the surface admitting the 
fibration £q and h 2,0 (S) = m — 1, then the degrees of the polynomial are obtained multiply the degrees 
given in |GS2j by m/2. If the number obtained is not an integer, there exists no a surface S such 
that h 2 '°(S) —m — 1 and S admits an elliptic fibration of with an elliptic fibration with that group 
as torsion part of the Mordell-Weil group. In particular the elliptic fibrations £q with G C MW(£g) 
are parameterized by the coefficients of the polynomials, and hence by an irreducible variety. 

Proposition 3.5. Let £q be a generic elliptic fibration on P 1 admitting G = Z/nZ, n = 2,3, 4, 5, 6, 8 
as torsion part of the Mordell- Weil group (here generic means that the coefficients of the polynomials 
in t have been chosen generically). Then the singular fibers of £q and of £g/G are of the same type. 
Moreover £q and£c/G have isomorphic Neron-Severi group. 

Proof. The type of the singular fibers of an elliptic fibration can be completely determined by the 
zeros of the polynomials A(t), B(t) and A(t) and hence can be directly computed by the equation 
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on E G - 

We will consider as example the case n — 6, the others are very similar. The singular fibers of an 
elliptic fibration with a 6-torsion section t are mle + ml^ + mli + mix where deg k(r) — deg Z(r) = m 
with the notation of |GS2j . We deduce the intersection between the singular fibers and the section 
t by the height formula (cf . Theorem II. 4p . Indeed the only possibility to have a 6-torsion section 
(and hence a section with height pairing equal to zero) is that t meets all the reducible fibers in the 

component C\. By Lemma 1331 this is enough to describe the elliptic fibration £ G /G on X/o- t . Indeed 
the fibers of type I§ (resp. ^3, I2, h) on X correspond to fibers of type ii (resp. I 2 , I3, h). Hence 
the elliptic fibration £g/G has as singular fibers mle + mis + m h + mil ■ 

The Neron-Severi group of an elliptic fibration is generated by the class of the fiber, the classes of 
the sections and the classes of the reducible components of the reducible fibers. The hypothesis on 
the generality of the elliptic fibration £ G guarantees that MW{£g) = MW{£g/G) = G. So £g and 
£g/G have the "same" sections, and the "same" singular fibers and hence they have the "same" 
Neron-Severi group. □ 



4. Elliptic K3 surfaces and automorphisms induced by sections 
In this section we focalize our attention on K3 surfaces. 

The automorphisms a t induced on an elliptic K3 surface X by n-torsions section are symplectic. 
Indeed on X we have the nowhere vanishing holomorphic 2-form dx/y Adr, where dx/y is a 1-form on 
the elliptic curve in the fiber. Since at acts trivially on the base of the fibration and as a translation 
on the fibers (hence fixing the 1-forms on it), dx/y A dr is fixed by <r t . 

Proposition 4.1. Let Xq be a K3 surface admitting the elliptic fibration £ with tors(MW(£)) = G. 
Then G C tors(MW(£/G)). 

Moreover, if X G is such that £ is the generic elliptic fibration with tors(MW(£)) — G, then NS(Xg) — 
NS(XgJg) ~U®M g . 

Proof. The fact that G C tors{MW{£)) is Proposition O 

The possible G such that there exists an elliptic fibration £ on a K3 surface with torsMW(£) = G are 
G = Z/nZ, 2 < n < 8, G = (Z/nZ) 2 with n = 2, 3, 4, G = Z/2Z x Z/nZ with n = 4, 6. For the group 

Z/nZ with n — 2,3,4,5,6,8 the fact that in the generic case NS(Xg) — N S(Xg / G) is consequence 
of Proposition 13.51 For the groups Z/2Z x Z/mZ with m = 4,6 the fact that in the generic case 

NS(Xg) — NS(Xg/G) can be proved as in Proposition ^. 5[ considering the equation given in [GS2 . 
The groups (Z/nZ) 2 arc the full n-torsion group of the elliptic curve £ (which is defined over ^(P 1 )). 
The quotient E/E[n] corresponds to a multiplication by n on the curve, and hence gives an isomorphic 

curve. This of course implies that NS(X G ) ~ NS(X G /G). 

It remains the case G = Z/7Z. There exists only one possible elliptic fibration admitting a 7-torsion 
section. By [Shimj this elliptic fibration has to admit 3 fibers of type I7 and 3 fibers of type I\ and it 
has no sections of infinte order (because its trivial lattice has rank 20 which is the maximal possible 
Picard number for a K3 surface). By Lemma [3~3l £ /G admits 3 fibers of type I7 (corresponding to the 
fibers of type I\ on £ ) and 3 fibers of type I\ (corresponding to the fibers of type I7 on £). Moreover, 
by Proposition ^. 41 such an elliptic fibration admits a 7-torsion section. Hence, as in Proposition 13. 51 

NS{X G ) ~ NS{XgJg). 

Let us prove that NS(Xg/G) ~ U © M G in the case G — Z/5Z. The proof in the other cases is 
essentially the same. In this case the trivial lattice is U © Af 4 . The singular fibers of this fibration 
are 4/5 + AI\. The elliptic fibration £/G has 47i + 4/5 as singular fibers (cf. Lemma |3~3"|) . In £/G the 
components (C- , i,j = 1, ...,4) of the fibers I5 which do not meet the zero section are the rational 
curves arising by the resolution of the four singularities of type on Xq/G (cf. proof of Lemma 
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They are the curves Mj of Definition 11.21 and hence by |N1] the class 



1 

V =5 



2 4 
i=l j=3 



is a class in NS(Xg/G). The irreducible components which do not intersect the zero section of the 
reducible fibers of elliptic fibration £/G and the class v generate the lattice Mq- They are orthogonal 
to the class of the fiber (because they are linear combinations of components of a fiber) and to the 

class of the zero section, hence N S{Xq/G) U@Mg with finite index. By definition Mq is primitive 

in NS(Xq/G) and since U is a unimodular lattice there are no overlattice of U © Mq such that Mq 

is primitive in them. So NS(X G /G) M G . □ 

Remark 4.2. The class v in the proof of the previous proposition generates a copy of Z/5Z in 
NS(XG/G)/Tr — — - ~ MWiXa/G) and this shows again that in S/G there is a 5-torsion section 

Xa/G 

(without using Proposition ^. 4p . The class t\ = s + 2F — v is a class in N S(Xg/G) corresponding to 
a 5-torsion section of the fibration. □ 

In case G = Z/2Z Proposition 14. II was already proved in |vGS( Proposition 4.2]. 

The K3 surfaces Xq are examples of K3 surfaces which both admit a finite abelian group G of symlcctic 
automorphisms and are, at the same time, the desingularization of the quotient of a K3 surface by 
the same group of automorphisms. We observe that this is not the case for a generic K3 surface with 
a symplectic group of automorphisms, i.e. in general a K3 which admits a group G as finite abelian 
group of symplectic automorphisms cannot be obtained as quotient of another K3 surface by the same 
group of automorphisms. 

Remark 4.3. Since Xq/G admits an elliptic fibration with G as torsion part of the Mordell-Weil 
group, it admits G as group of symplectic automorphisms, hence we can consider the surface Zq, the 
desingularization of the quotient of Xq/G by G. The surface Zq is isomorphic to Xq by the last 
statement in Proposition ^. II □ 



5. Automorphisms induced by automorphisms of the basis. 

Until now we considered automorphisms which leave the base of the elliptic fibration invariant. Now 
we consider automorphisms which act also on the base of the fibration. Let us consider an automor- 
phism 7r of P 1 . It induces the map v : (x, y, r) i— * (x, y, 7t(t)). In general this is not an automorphism 
of the fibration, (in general it does not preserve the fibration), but under some conditions (which 
depend on n) on the polynomials A(t) and B(t), it is. 

A family of examples can be constructed considering the automorphisms of P 1 ir n : r t— > £ n r, where 
Cn is a primitive n-root of the unit. So v n : (x,y,r) i— > (x,y,^ n r). 

Let X be a surface with elliptic fibration £ : y 2 = x 3 + A(t)x + B{t). 

If A{-K n (r)) — A(t) and B(-K n (r)) — B(t), then v n is an automorphism of the X. The conditions on 
A(t) and B(t) imply that, A(t) and B(t) are actually polynomials in r n , so A(t) = Yli=o a i Tln an d 
B(t) = X)' l =o i>iT m and deg A(t) = nl, degB(r) = nh. The automorphism v n fixes the two fibers on 
the point r = and r = oo (i.e. over the fixed points for 7r on P 1 ). The quotient surface, Y = X/p, 
is smooth, and admits an elliptic fibration with equation y 2 = x 3 + (^~^_ a,it l )x + J"V_ bit 1 . 
Conversely given Y, X is obtained from Y by the base change r t = r™ (cf. [Mi, VI.4]). If 
the polynomials A(r) — Y^[=o a i T%n an d B(r) — 53 i=0 biT m are such that there does not exist a 
polynomial C(r) such that C(t) 4 \A(t), C(t) 6 \B(t), then the equation obtained by the base change 
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is the Weierstrass form of the elliptic fibration £ on the surface X. In fact we have the following 
commutative diagram 

X -f Y = X/v n 
I I 

pi -> Pj = pi /i/ 

We observe that the degree of the polynomials in f of the elliptic fibration on Xj v n are / and h and 
the degree of the corresponding polynomials in r on X are nl and n/i. If X for example is an elliptic 
K3 surface and n = 2 (i.e. 4 < 2/ < 9 and 6 < 2/i < 13), then Y = X/v n is a rational elliptic surface 
(because I < 4 and h < 6). Hence it is possible that the Kodaira dimensions of X and Xjv n are not 
the same. In particular if X is a K3 surface, X/v n is not. In fact the automorphisms v n do not fix 
the two holomorphic form dx/y A dr on X and hence they are not symplectic. 

We now construct maps a n which act on P 1 as 7r„, but which act also on the fibers in such a way that 
one obtains symplectic automorphisms if the surface X is a K3 surface. 

Definition 5.1. Let o~ n be the map o~ n : (x,y, t) h- » (C„^ 5 Cn2/i Cn 7 ")/ 
/j.2 be the map /i2 : (x,y,r) i— > (x, y, =■) and 
<T 2 6e t/ie map <; 2 : (x,y,r) i-> (^, ~). 

Proposition 5.1. Let £„ &e an elliptic fibration with minimal equation y 2 = x 3 + A(t)x + B(t) . The 
map <J n is an automorphism of the elliptic fibration £ n if and only if 

(2) A(t) = C 4 A(C„r) and B(r) = Q^B^t). 
If @ holds, then the elliptic fibration £ n has equation: 

(3) V 2 = x 3 +l a i r 4+ Ax + £ hr 6+ni 
and the elliptic fibration £ n /a n has equation: 

Y 2 =X 3 +\ V a;T A H I \ V b ; r-'. 




»=-[ 



In particular by the minimality of the equation of £ n it follows that n < 6. 

Proof. Applying the map er„ to £ n , one obtains y 2 ^ = x 3 C^ + ^(CnT^Cn + ^(C« T )- It is easy to 
check that it is again the equation of £ n if and only if ([2]) holds. The equation of the quotient 
surface is computed by multiplying the equation of the elliptic fibration £ n by r 6n ~ 6 and considering 
X := r 2n ~ 2 x, Y :— r 3n ~ 3 y, T := r™ as coordinates of the quotient. The condition on n comes from 
the fact that if n > 6, then t 4 |A(t) and t 6 \B(t). □ 

Remark 5.2. The elliptic fibration £ n is obtained from the elliptic fibration £ n /cr n by a base change 
of order n,T^T n . 

If £„ is a rational (resp. K3) surface, £ n /a n is a rational (resp. K3) surface. This follows from the 
comparison between the degree of the polynomials in r (resp. T) defining £ n (resp. £ n /a n ). 
If £ n has Kodaira dimension 1 it is possible that £ n /a n has a lower Kodaira dimension, this happens 
for example if h — 2, k — 4 and n — 3 (in this case £ n /cr n is a K3 surface). □ 

The automorphisms /i2 and <J2 are essentially obtained by ^2 and 02 with a change of coordinates on 
P 1 . 

Proposition 5.3. Let £ be an elliptic fibration y 2 = x 3 + A(t)x + B(t) such that 
(4) AM = T 4m A{-) and B{t) = r 6m B(-). 

T T 

Then /12 and <; 2 are automorphisms of the surface, 
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B{r) = E-=o W + t 6m ~ j ) = t 3m E *=o bj(t 3m - j + fM- 
The quotient elliptic fibrations are respectively: 

£/fi 2 : Y 2 = X 3 + X Y%= <H (t 2 ™~ 1 - J2k2V ( 2 "p)T 2m -*- 2fe ) + 

_l_yvjro ^ /ji3m— j _ ^3m- j ^3m-j^jt3m—j-2k\ 

Y 2 = X 3 + X(T 2 -4) 2 J2^Z a ^( T2m ^-T l lZr(^ t ) T2m ^ 2k ) + 

+(t 2 - 4) 3 £ 3 ™ h (r 3ro " j - Efc=r' ( 3m -^)r 3m -^- 2fc ) . 

Proof. Under the conditions ^ the equation of £ is invariant under \ii and (72- The equation of the 
quotient surfaces are computed setting T = t+j, Y = y, X = x, Y = y ^+iH*- 1 ) ; x = x (^H' -1 ) , 
We use the equalities t™ + £ = T" - "£1=1 (fc) r "~ 2, % t ~^ ±1 =T±1, =T±2. □ 

6. Automorphisms on the basis of the fibration and elliptic K3 surfaces 

In this section we consider the automorphism o~ n , Dcfinition l5.il acting on a K3 surface. In particular 
we saw (Remark I5.2[) that the K3 surface X admitting a n as automorphism is obtained by the K3 

surface X/a n with a base change of order n. These kind of base changes are considered for example 
in [Shlol] . [SEo3] . [Shiolj . [Ku] . 

Remark 6.1. If £ is an elliptic fibration on a K3 surface X admitting a n (resp. ft) as automorphism, 
then a n (resp. ft) is a symplectic automorphism on X . Indeed the nowhere vanishing 2-holomorphic 
form dx/y A dr on X is fixed by a* (resp. gj). 

Proposition 6.2. Let 2 < n < 6 and let X n be a K3 surface which admits an elliptic fibration £ n 
satisfying the condition @ . Then for a generic choice of a, and bi : 

i) X admits rank(Q%/ n z) independent sections of infinite order; 

ii) the Neron-Severi group of X n is NS(X n ) ~U(B f2z/nZ> 

iii) the Mordell-Weil lattice of the fibration is MW{£ n ) ~ fiz/ n z. 

Let ^2,2 be a K3 surface which admits an elliptic fibration £2.2 satisfying the conditions A{t) — 
A(-t) = t & A{\), B(t) = B{-t) = r 12 L?(i) (i.e. it satisfies the conditions © of Proposition \EH 
with n = 2 and (|4]) of Proposition [573\) . 
Then for a generic choice of at and bi : 

i') X2.2 admits 12 independent sections of infinite order; 
ii') the Neron-Severi group of ^2,2 is NS(X2,2) — U® £l(i/2Z) 2 ', 
iii') the Mordell-Weil lattice of the fibration is MW(£ 2 ,2) — ^(z/2Z) 2 - 

Proof. Let p n be the number of parameters in equation (J3J) , m n the moduli of the surface X n and 
p n the Picard number of X n . We can act on the equation satisfying the condition {2} with the map 
(x, y, t) h- > (X 2 x, A 3 y, r) (and then divide by A), and we can act with the automorphisms of P 1 fixing 
and co (which are the points fixed by 7T n ). So we have a two dimensional family of automorphisms 
acting on the equation of the fibrations, hence m n = p n — 2. For each n we have: 



n 


2 


3 


4 


5 


6 


m„ 


10 


6 


4 


2 


2 




8 


12 


14 


16 


16 



We recall that p n < 20 — m n , by the construction of the moduli spaces of the polarized K3 surfaces. 
By Proposition 15.11 and Remark 16.11 the K3 surface X n admits a n as a symplectic automorphism of 
order n. Hence Qz/n2. is primitively embedded in NS(X n ) (cf. |GS2j ). The automorphism a n fixes 
the class of the zero section and the class of the fiber. These two classes span a copy of the lattice U 
in NS(X n ), soU^ NS(X n )^. Since ft z/rlZ = {NS(X n )^)^, U © Q z/nZ ^ NS(X n ), in particular 
px > 2+rkil^/nZ- The rank of U ffi^z/„z is equal to 20— m n for each n — 2, ... ,6 (cf. table {!])), hence 
px = 20 — m n and the inclusion U © ^z/ni ^* NS(X n ) has a finite index. Since Slz/ n z is primitively 
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embedded in NS(X n ) and U is a unimodular lattice, we have NS(X n ) ~ U ® fi z /„ z . For a generic 
choice of the parameters and fej in the equation of X n , the elliptic fibration has no reducible fibers 
(if n ^ 5 the singular fibers are 24ii, if n = 5 the singular fibers are 211 + 20ii), hence Trg n ~ [/ and 
there are no torsion sections. In particular the Mordcll Weil lattice of £ n is isometric to the sublattice 
<f)(E(K)) C NS(X n ) (where (f> is defined in Lemma Q]) and <j)(E(K)) ~ U®Q z/nZ /U ~ n z/nZ . More 
explicitly, if F is the class of the fiber and s the class of the zero section, for each r € E(K) the map 
: £(7f) -» 7VS(A) <g> Q sends r to r + (2 - k)F - s G fi z/nZ C NS(X n ), where r • s = fc. The 
height pairing computed on <f>(E(K)) coincides with the intersection form on NS(X n ) restricted to 
f2 z / nZ . Hence the Mordell-Weil lattice is isometric to f2 z /„ z . I n particular this implies that there are 
rankr2z/ n z independent sections of infinite order. The proof in case X-2^% is exactly the same. □ 
Let 2 < n < 6 and let Y n be the desingularization of the quotient X n /a n . Then X n is obtained by a 
base change of degree n of Y n . In the following table we give the singular fibers of Y n in the points 
t = and t = 00 and we describe the fibers on r — 0, r = 00 of X n (with (X n )— we denote the fiber 
of the fibration on X n over the point r.) 



n 


2 


3 


4 


5 


6 


(^n)oj (Y n )oc 
(X n )o, {Xnjoo 


T* 
i 

y 2 = x 3 + ax + b 


IV* 

y 2 = x 3 + 1 


III* 

y 2 — x 3 + x 


77* 
77 


77* 
77 



Since r = and r = 00 are fixed points of the map r h- > £ n r, cr„ acts as an automorphism of the fibers 
(X n )o and (Xn)^. Indeed for n — 3,4 (X„)o and (X„)oo are exactly the elliptic curves admitting an 
extra automorphism. The group law of the fiber of type 77 corresponds to the group C. 

In |Shio2j . |Shio3| . |Shio4j certain K3 surfaces F™(a,^), n — 1, ... ,6 are analyzed. These are K3 
surfaces admitting an elliptic fibration with equation y 2 — x 3 — "&ax + (t n + l/t n — 2[3). It is clear 
that F^(a,(3) is obtained by a base change of order n applied to (a, [3). As in Remark 15.21 this 
base change is related to the automorphism er„, and in fact F^'(a, (3) is the quotient of F^ (a, (3) by 
a n fDcfinition lS.ip . 

The surfaces described in IShio3j . |Shio4j ■ }Shio2| . [Kuj are particular members of the families de- 
scribed in Proposition 16.21 

Let us consider the equation £ n given in ([3]) with n — 5 (resp. n = 6), h = 0, k = 1. This is the 
equation of the family of K3 surface X n in Proposition 16.21 Up to projective transformations, the 
equation £5 (resp. £q) becomes: 

(6) £5: y 2 = x 3 + ar 4 x+(T 11 +br 6 + T 1 ) (resp. £ 6 : y 2 = x 3 + a'r^x + (t 12 + b'r 6 + 1)) 

Remark 6.3. The Mordell-Weil lattice of the generic element of the family F^(a,P) is computed 
in |Shio4|, Theorem 2.4]. For n — 5,6 the family described in |Shio4j and the family described in 
Proposition 16 . 21 are the same (this is clear considering the equation ((6]) of £5, £q), hence the Mordell- 
Weil lattice MW(Fjjei) of |Shk>4| Theo rem 2.4] is the lattice fi Z /„ z , for n = 5,6. For n < 5 the two 
dimensional family described in [Shioj] is a subfamily of the one described in Proposition 16. 2\ and 
so the Mordell-Weil lattices of these two families are not isometric (moreover for n < 5 there are 
reducible fibers on 7g"n). □ 

In the following we will analyze some surfaces admitting a dihedral group as group of symplectic 
automorphisms. This is based on the following remark. 

Remark 6.4. The maps <j n and 52 generate the dihedral group on n elements V n . So if an elliptic 
K3 surface admits both of them it admits the group V n as group of symplectic automorphism. □ 

In the following we give an example of elliptic K3 surfaces admitting both the automorphisms a n 
and <?2- Moreover we give a short proof of the fact that Ciz/nZ — ^x>„ f° r n — 5,6. The case n — 5 
is proved in |G2j . In the Section [5] we will consider again these isometries. Another example of el- 
liptic K3 surfaces admitting both the automorphisms ft an d o n is considered in Section [7] where n — 4. 
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The equation of the family of elliptic K3 surfaces admitting a n n — 5,6 as automorphism is given 
in ([!]). By Proposition 16.21 its Neron-Severi group is isometric to U © £^z/nZ and its Mordell-Weil 
lattice is isometric to f^z/nZ- The elliptic fibration (JH]) admits automatically also the automorphism ^ 
( Proposition 1 5 . 3j ) . Both automorphisms a n and ?2 act as the identity on the class of the fiber and on 
the class of the zero section and a n acts non trivially on all the other sections. As in Proposition 16. 21 
this implies that MW(£) ~ ^x>„, but, by Proposition 16.21 MW(E) ~ ^z/ n z and then we conclude 
that r^z/nZ — &T> n for n = 5, 6. 

7. The group V4 as group of symplectic automorphisms. 

Here we give an example of a family of K3 surfaces admitting the dihedral group on four elements, 
2?4, as group of symplectic automorphisms. These automorphisms are induced on elliptic K3 surfaces 
by the automorphisms 04, 92 (Definition 15. 1|) hence they are related to a base change of the fibration 
(Remark |5~2"|) . 

In [Klj the same family of elliptic K3 surfaces is considered in order to construct an elliptic K3 surface 
with 15 independent sections of infinite order. Its construction is based on two base changes (one of 
order 2 and one of order 4) . We prove that the family of elliptic K3 admitting P4 as group of symplectic 
automorphisms that we consider is the same as the one described in [Klj. As in Proposition 16. 21 using 
the fact that these surfaces admit a certain group of symplectic automorphisms, we give a description 
of the Neron-Severi groups and of the Mordell-Weil lattices. 

Remark 7.1. The elliptic K3 surfaces invariant under a 4 and <J2 have equations: 
(7) £ : y 2 =x 3 +x(aT S + br 4 + ci) + (ct 10 + dr 6 + ct 2 ). 

Such an equation depends on 4 parameters, but we can use the transformation [x, y) >— > (A 2 x, X 3 y) to 
put one of this parameters equal to 1. Hence this family has are 3 moduli. So the Picard number of 
the generic K3 surface with such an elliptic fibration is at most 17. By Remark 16.41 each member of 
this family admits V4 as group of symplectic automorphisms. 
Let G — (04, ^2)- Then the elliptic fibration £/G has equation 

£/G : Y 2 = X 3 + X(T 2 - 4) 2 (aT + b) + (T 2 - 4) 3 (cT + d), 

where T — (t 4 + 1/t 4 ), X = x(t 2 + 1/t 6 ), Y = y(t — 1/t 7 ). 

For a generic choice of a, b, c, d the elliptic fibration £/G has 777* + 2/q + 3ii as singular fibers and 
does not admit sections of infinite order. Indeed the trivial lattice of this fibration has rank 17 and 
thus the Picard number is at least 17. Since the Picard number of two K3 surfaces are the same if 
there exists a dominant rational map between them, the Picard number of this surface and of the one 
with fibration £ is exactly 17. □ 

Remark 7.2. The elliptic fibration £/G has the properties of the elliptic fibration 7r : X — > P 1 
considered in |K1| Table 2] . In particular these elliptic fibrations coincide under the condition given in 
[Kll Proposition 3.2] that the rank of a certain twist (in |K1| Construction 3.1]) is 0. This implies that 
the elliptic fibration £ is the one described in [Kll Theorem 1.1] as elliptic K3 with Mordell-Weil rank 
15. Indeed this fibration is constructed by Kloosterman performing two base changes on £/G (one of 
order 4 and one of order 2), which correspond to the presence of the symplectic automorphisms 04 
and <^2 on £. □ 

In the following we construct an elliptic fibration (which is a special member of the family £ given in 
Remark 17.11) admitting 2?4 as group of symplectic automorphisms and use it to determine the lattice 
^2? 4 • We will use the description of this lattice to find the Mordell-Weil lattice and the Neron-Severi 
group of the surface constructed in [Klj . 

7.1. Kummer surface of the product of two elliptic curves. Let us recall the construction of 
a Kummer surface Km(A). Let A be an Abelian surface. Let la '■ a 1— > —a. Hence l is an involution 
fixing the sixteen point of A[2] = {a <E A such that 2a = 0}. The quotient A/i is a singular surface 
with sixteen singularities of type A\. Let us denote with Km(A) the desingularization of this surface. 
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The surface Km(A) is a K3 surface, called Kummer surface of A. We have the following commutative 
diagram: 

loa t lor 

7T i In 

A/i <- Km(A) ~ Aft 

(3 is the blow up of A in the points of A[2], 7 is the involution induced by l on A, 7r and tt are the 
quotient maps. 



Let C and D two elliptic curves with equation: 

, s C : v 2 = u 3 + + B 

[ ' D : v 2 = ]{r) de ff (/(r))=4,3. 

Then (as in |Kup we consider the equation f(r)y 2 = x 3 + Ax + _B, or, which is the same under the 
transformation y i— > 2/// 2 (t) and x i— > x/ f 3 (r), the equation 

(9) 2 / 2 =a; 3 + A/ 2 (r)x + J B/ 3 (T). 

Let / : £ — > P 1 be the elliptic fibration with equation (J9j) . 

The fibration £ is an isotrivial fibration with fibers isomorphic to C. Indeed under the change of 
coordinates 



(10) 



y = v 3 v 
x = v u. 



the equation © becomes v 6 v 2 — v 6 u 3 + A] 2 {t)v 2 u + Bf 3 (r). Since v 2 = /(r), we obtain that the 
fiber over each fixed r has equation v Q (v 2 = it 3 + Au + B). 

The equation f9| is the equation of an elliptic fibration on the Kummer surface Km(C x D). In fact 
let us consider the trivial elliptic fibration C x D — » D defined over the Abelian surface C x D and 
the map cp : D — > P 1 defined as (t, j/) i— > (r, — i/). Then we have the following commutative diagram: 

$ : C x D ™ £ 
<p: L> ^ Pi 

where the map $ is induced by the map ip and hence it has degree 2. The explicit equation of $ 
descends by (ITU)) and is 

$ : ((it, v), {v, t)) ^ (x, y, r) = [y 2 u, v 3 v, r). 

The points (p, g) = ((u,«), (t,i/)), (p',g') = ((a,b), (a,f3)) e C x D are such that $(p,q) = $(p',g') 
if and only if either p — p' and g = g', or u = a, u = —6, r = a, t/ = — /3. The maps tc : c i— > — c, 
to : e? i— > — e? is represented in coordinates by 

(it, u) h- » (tt, — v) on the elliptic curve C 
(t, z/) i— ► (t, —v) on the elliptic curve D 

Hence the map $ identifies the point (p, 9) with (— p, —q), so it coincides with the map lcxd ■ a 1— > —a 
on the Abelian surface C x D. In particular, the desingularization of the quotient C x D/lcxd is the 
surface Km(C x D) and the singular elliptic fibration £ induces an elliptic fibration over Km(C x D). 
With an abuse of notation we will call £ also the elliptic fibration over Km{C x D). 

7.2. Km{Ei x Ei). From now on we assume that the two elliptic curves C and D are Ei, i.e. they 
admit an automorphism of order 4 which is not a translation. 

Remark 7.3. Since the elliptic curves C ~ I? are isomorphic to the equations (jSJ) can be chosen 
on the following way 

C : v 2 — u 3 + u 
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where the automorphisms of order 4 are ipc '■ ( u > w) i— ► (— u, iv) and (fn : (r, f) i— > (ir, i/) respectively. 
Hence the equation ^ becomes 

(11) y 2 = x 3 + (r 4 - ifx. 

The zero of the group law on the curve C (resp. D) has to be fixed by the map ic (resp. ld) hence 
we can assume that it is the point at infinity (resp. the point (r, v) — (1, 0)). □ 

We observe that this elliptic fibration is a special member of the family described in Remark 17.11 
indeed its equation is obtained by equation (JT]) putting a = 1, b = —2, c = d = 0. Hence it admits 
the automorphisms 04 and s 2 and so the group 2?4 is a group of symplectic automorphisms on it. We 
now relate the automorphisms 04 and 52 with automorphisms of order 4 on the elliptic curves C and D. 

The points of C[2) are, in homogeneous coordinates, 0c = (0 : 1 : 0), c\ = (0 : : 1), C2 = (i : : 1), 
C3 = (—1 : : 1). They correspond to the image of the point 0c = 0, c\ = (1 + i)/2, c 2 = 1/2, C3 = i/2 
under the map r\ : C — -> C/Z[i] = £j. They can be identified with the points 0c = (0, 0), Ci = (1, 1), 
c 2 = (1, 0), c 3 = (0, 1) under the identification of C[2] with (Z/2Z) 2 . 

The points of D[2] are the points fixed by the map ld- Hence they are 0,d = (1; 0), d\ — (i;0), 
d 2 = (— 1;0), ^3 = (— i;Q). They are the image of the points 0^ = (0,0), d\ = i/2, d 2 — (1 +i)/2, 
d 3 = 1/2 under 77 and they can be identified with the points 0d = (0,0), d\ = (0,1), d 2 — (1,0), 
d 3 = (1, 1) under the identification of D[2] with (Z/2Z) 2 . 

The map ipc fixes the points 0c and c\ and switches the point c 2 and C3. On C it corresponds to 
z\ 1 ► %z\. 

The map ipo acts in the following way: 0d hk!i h> d 2 h d 3 . On C it corresponds to z 2 > iz 2 + 1/2. 

We will denote with K e j t9f h the rational curve in Km(Ei x £Jj) which is the exceptional curve over 
the points p e ,f, g ,h = (e, /) x (g, /i) E (J5 { x S»)[2]. 

Let A = {(c,d) E Km(Ei x J?<)|c = d} and T = {(c,d) E Km(Ei x J?»)|c = ^^(d)} where is the 
automorphism of order four of Ei. They correspond to two classes in Neron-Severi group. 

Remark 7.4. We identify C with R 2 ^ x^l^ 2 (i- e - the real coordinates of R 2 will be denoted by x\ 
and CC2), and D with M 2 3 K4 /Z 2 . Since efei A dxj-, i < j is a basis of H 2 (C x £>, Z), we can express the 
classes [C] , [D] , [r] , [A] as linear combination of dxi A dxj . More precisely 

[C] = <ia;3A(ia;4, [r] = dxi A dx 2 + dx 3 A dx^ + dxi A dx 3 + dx 2 A dx4, 

[D] — dx\Adx 2l [A] = dx\ A dx 2 + dx% A dx± + dx 2 A dx 3 — dx\ A dx/±. 



This computation is done as in \G1\ Remark 3.11]. □ 
Remark 7.5. Let o>ij — ir*((3*(dxi A dxj)). By Remark 1 7. 4[ we have 

7T*(/3*[C]) = 3 ,4, 7T*(/3*[r]) = Wi )2 + 0> 3) 4 + Ol, 3 + 0*2,4, 



Hence: 



7T»(/3*[D]) = 0>i ]2 , 7T*(/3*[A]) = Wi, 2 + 0> 2 ,3 + ^3,4 - ^1,4- 



C := tt(C X (0, 0)) = \ f 0)3,4 - E(a,6)e(Z/2Z)= ^a : 6,0,o) 
-Do := 7r((0, 0) x D) = \ I oi, 2 - E( a ,fc)e(z/2Z)2 ^o,o,a 



r :- 7T(r) - g f 0)1,2 + ^3,4 + Oli,3 + 0*2,4 - E(a : 6)e(Z/2Z) 2 ^0,6,6,. 

A := 7r(A) = 2 ( w l,2 + ^2,3 + k>3,4 — Wi,4 — Z)(a,6)e(Z/2Z) 2 -^0,6,0,6 i 



□ 



We use the following convention: if is a vector subspace of the affine space (C x D)[2] = (Z/2Z) 4 , 
then K w is the class ^ a eff^ and & = \ S a e(z/2Z) 4 K a = K A[2] . Moreover, W { = {a = 
(ax, a 2 , as, 04) E A [2] such that a, = 0}, i = 1, 2, 3, 4. 
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Proposition 7.6. Let Km(C x D) be the K3 surface admitting the elliptic fibration 

y 2 =x 3 + (r 4 - l) 2 x. 

A Z-basis for NS(Km(C x D)) is given by the classes: 

Aoooo, -Koooij -KooiO: Aoioo, -Kioooj Aqoii, Agioi, Aj_ooi, Aouo, Kioiq, 
-K"ii0O) K Wi , K Ws , K W2 , K Wl , A, C , Do, A, T. 

A Z-basis for T Km{CxD) is uj 1a + u 2 ,3, ^1,3 - w 2 ,4- and T Km(CxD) ~ (4) 2 . 
Lei X>4 = (04, ft). T^ie lattice NS(Km(C x D))® 4 is generated by the classes 

K Wl + Kw 21 ^3,4, -Do, A ooo + A ooi + A oio + A on, K. 
The lattice Q, Vi := {H 2 (Krn(C x L>)) x ' 4 ) ± = (NS(Km(C x £))) I,4 ) ± is generated by the classes 

T — 2Aooio — Co — -Do, A — 2Aooio — Co — -Do, A0001 — A0010, 

Aoooo — A oio, K — 2A oio — 4A ioo — 2Anoo, Kw x — 2A oio — 2A ioo, 

Kw 2 — 2-ftTooio — 2-ftToioo, % 3 — A oio — 2Aqioo — An o, % 4 — A oio — 2A ioo — An o, 
A1000 ~ Aoioo, ""1010 — Aoioo, -K0110 — Aoioo, 

Aiooi — -KoiOO, "0101 ~ Aoioo, Aooil — AooiO- 

The lattice f2-p 4 has rank 15, its discriminant is —1024 and its discriminant group is (Z/4Z) 5 . 
The lattice H 2 (Km(C x D),Z) Vi is isometric to NS(Km(C x D)) Vi ®T Km[CxD) . 

Proof. The results on NS(Km(C x D)) and T Km ( C xD) are trivial consequences of Remark l7T5| of the 
description of the Kummer lattice given, for example, in |BPV[ Chapter VIII, Section 5], |PS( Appen- 
dix 5] and more in general of the known description of the classes generating the second cohomology 
group of a Kummer surface (see for example, |Glj ). 

A direct computation on the coordinates (a;,2/,r) shows that the automorphism tpfc x ipu induces 
the automorphism 174 on Km(C x D). The automorphism ip^, x iprj acts on C x D as (2:1,22) 1— ► 
(— izi, iz2 + 1). So the action of 174 on the curves of the lattice A (induced by the one of tpQ x ipu on 
(CxL>)[2])is 



Ao, 0,0,0 — * Ao,o,o,i — > Ao,q,i,i — > Ao,o,i,o 
Kiflfi,o —* Ao, 1,0a — * ^1,0,1,1 — > ivo,i,i,o 

Since 



Ao, 1,0,0 — * Aio,o,i - > Ao,i,i,i — > Ai : o,i,o 
Ai^^o.O ~ » Ai^o,! — > Ai,!,!,! — > i*Ti,i,i,o- 



<74(wi,2) = ^1,2, C4(^l,3) = — <^2,4, 04(^1,4) = U>2,3> cr 4 (^2,3) =^1,4, 04(^2,4) = —^1,3) 04(1^3,4) =^3,4, 

the classes 7r*(/3*[C]), 7r»(/3*[-D]) are fixed and 

(74 M/3*[A])) = -tt,(/?*[A]) + 2^(/3*[C]) + 27r*09* [£>]), 
(7 4 (7r*(/3*[r])) = -7r*(/3*[r]) + 2^(/3*[C]) + 2tt*(/?* [£>]). 

Let f/'D be the automorphism, of the curve -D, i/'d : (7, f) — > (1/ t j iv It 2 ). The automorphism (p^ x i/'d 
induces on Km(C x D) the automorphism 52 • We observe that and ipr> have order four respectively 
on C and £>. However ip^, x induces an automorphisms of order two on Am(C x D), indeed 
((fie x "0-d) 2 = x l d which is the identity on Am(C x D). 

The automorphism tprj of -D has order four and fixes the points Od = (1,0) and (—1,0). Hence 
it corresponds to z 2 *— > i^. So the automorphism «^ is induced by the automorphism {z\,z-i) 1— > 
(— izi,iz2) on C x -D. The action of ^2 on the curves of the Kummer lattice is 

Ao, 0,0,1 Ao,o,i,oi Ao,i,o,o Ai^.OjOj iM),i,o,i ^ Ai ,0,1,0; 
A ,i,i,o «-* Ai j0 ,o,i; ^0,1,1,1 *-* Ai i0 ,i,i; ifi,i,o,i ^ -^1,1,1,0 

and the other classes of the Kummer lattice are fixed. The action of <r2 on the classes 7r*(/3*[C]), 
7r»(/3*[D]), 7r*(/3*[A]), 7r*(/3*[r]) is the same as the action of 0-4. 

Since we described the action of (74 and ?2, it is trivial to compute Ox> 4 and its orthogonal in 
H 2 (Km(C x D),Z). □ 
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Proposition 7.7. Let X be the generic elliptic K3 surface admitting the automorphisms a 4 and ^1, 
i.e. X is the generic K3 surface with eguation (|7|). Then NS(X) ~ U © f2p 4 and MW(X) ~ f2x> 4 . 

Proof. In |Wj is proved that the action of a finite group of symplectic automorphisms on the sec- 
ond cohomology group of the K3 surface (and hence on A^) is essentially unique (cf. |Nll Defi- 
nition 4.6]). Since the action of G on H 2 (X, Z) does not depend on X up to isometry, the lattice 
(H 2 (X,'Z) G )- L ~: fig does not depend on X. In particular this implies that if G is a finite group 
of symplectic automorphisms of a K3 surface S, the lattice fla is primitively embedded in NS(S), 
indeed since G is symplectic T s ^ H 2 {S, Z) G and hence NS(S) ^ (H 2 (S, Z) G )^ . In Proposition El 
we computed the lattice It follows that flx> i NS(X). The proposition follows as in the proof 

of Proposition l6~2l □ 

Remark 7.8. Proposition l7. 71 gives the Neron-Severi group and the Mordell-Weil lattice of the elliptic 
K3 surface admitting 15 independent sections described in [Kl| Theorem 1.1] (cf. Reamrk l7.2p . □ 

The paper |GL] classifies lattices which have dihedral groups T>„ (for n — 2,3, 4, 5, 6) in the group of 
the isometries and which have the properties: 

• the lattices are rootless (i.e. there are no elements of length 2), 

• they are the sum of two copies of Eg(2), 

• there are involutions in T> n acting as minus the identity on each copy of E%{2). 

In |GL( Section 5.2] it is proved that there are three lattices satisfying these properties and admitting 
V4 as group of isometries, they are called DIH S (15), DIH 8 ( 16, DD4), DIH 8 (16,0). 

Remark 7.9. The lattice DIH 8 (15) described in |GL] is isometric to the lattice flx> 4 (~ 1). 
In fact f2x> 4 has no vectors of length —2 (this is a property of all the lattices cf. |N1( Lemma 4.2], 
jW|). The two involutions q and ^204 generate the group V4 as group of isometries on f2x> 4 . Moreover 
they act as minus identity on two copies of E&(— 2) (because they are both symplectic involutions, so 
they act as minus the identity on f2z/2Z an d ^z/2Z — E 8 (— 2), cf. |vGS[ Section 1.3]) and the sum 
of these two copies of E$(— 2) is f2x> 4 (this follows from the explicit computation on the action of 
<T2 and ^204 on 0j> 4 ), hence flx> 4 (— 1) is isometric to one of the lattices DIH 8 (15), DIHs (16, DDA), 
DIH 8 (16,0). Since n Vi has rank 15 and the lattices DIH${15), DIH 8 (16, DDA), DIH 8 (16,0) have 
rank 15, 16, 16 respectively, Hx> 4 (-1) ~ DIH 8 {15). □ 

8. Dihedral groups of automorphisms on elliptic fibrations with torsion. 

In }G2] we proved that if a K3 surface admits G = Z/5Z as group of symplectic automorphisms, then 
the same surface admits T>§ as group of symplectic automorphisms. Moreover it is proved that f2z/5Z is 
isometric to S1d 5 . A similar phenomenon happens also for other groups of symplectic automorphisms. 
Here we will consider these other cases and we reconsider the situation described in |G2] . 
We consider the following groups with their presentation: 

V 5 = {c,d\c 5 = 1, d 2 = l,cd = dc- 1 ), 
V 6 = (c, d\c 6 = 1, d 2 = 1, cd = dc- 1 ) 
Z/2Z xD 4 = (c, 0?, e|c 2 = 1, d 2 = 1, e 4 = 1, ce = ec, cd = dc, ed = cfe -1 ) 
J := (c, d, e\c 2 — 1, d 3 — 1, e 3 = 1, cd = d~ 1 c, ce = e _1 c). 

Let G be one of the following four groups: Z/raZ, n = 5,6, Z/2Z x Z/4Z, (Z/3Z) 2 . In [U52] the 
equation of the generic elliptic K3 surface Xq admitting G as torsion part of Mordell-Weil group 
is given. For these groups the equation of elliptic fibration Sq on Xq depends on the choice of two 
polynomials of degree 2. More precisely the equation of Eg is of type 

y 2 = x 3 + C(a, b)x 2 + A(a, b)x + B{a, b) 

where a(r) — a(r, 1), b(r) — b(r, 1), a(r, a), b(r, a) are two homogenous polynomials of degree two in 
r, a, and A, B, C are homogenous polynomials in a, b of degree 4,6,2 respectively (cf. |GS2[ Tables 1 
and 2]). 
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Proposition 8.1. Let Xq be the K3 surface admitting the generic elliptic fibration £q such that 
MW{£ G ) = G. Let G be one of the four groups Z/raZ, n = 5,6, Z/2Z x Z/4Z, (Z/3Z) 2 and let h 
be the a generator ofZ/rtZ, n = 5,6, o/Z/4Z, o/ a copy of'L/i'L respectively. Then there exists a 
symplectic involution l on Xq and this involution is such that T> m — (er tl , l) where m is the order of 

h. 

Moreover 

(12) ^Z/nZ — for 71 = 5,6, ^Z/2ZxZ/4Z — ^Z/2Zx2? 4 ' ^Z/3ZxZ/3Z — ^.7- 

Proof. First we will prove that the elliptic fibration £q admits a symplectic involution. To construct 
this involution, we consider an automorphism on P 1 . 

Step 1: construction of an involution on P 1 . Let a(r, er), 6(r, a) be two homogeneous polynomials of 
degree two. Let a± and an be the roots of a and (3\, 02 the ones of b. There is an involution 9 of P 1 
such that 8(cei) = ct?, and 9{j5\) — /?2- Indeed up to an isomorphism of P 1 one can always suppose that 
a(r, er) = to and b(r, a) = A(t — ct)(t — /ic). Hence the involution 9(t, a) = {[io~, t) has the required 
property. We note that on the affine coordinate r the action of 9 is r \— ► /x/t. 
5"iep 2: construction of a symplectic involution on Xq . The automorphism 

* : (x,y,r) -> (____) = (_,__ 9(t)) 
is a symplectic automorphism of Xq. Indeed, Eq has an equation of type: 

y 2 = x 3 + C(a(r),b(T))x 2 + A(a(T),b(r))x + B(a(r), b(r)). 

Since a(9(r)) = ^a(r) and b{9{r)) = -%6(r) it is clear that the equation is invariant under 
Moreover, this automorphism is symplectic, in fact d*(dx/y A dr) — dx/y A dr. 

Step 3: description of the group (a^ji) Let t\ be a section of order 5,6,4,3 if G is Z/5Z, Z/6Z, 
Z/2Z x Z/4Z, (Z/3Z) 2 respectively. Let i = er^ o then t is a symplectic automorphism on Xq, 
because it is composition of two symplectic automorphisms. Let F s be the fiber over the point s G P 1 . 
The fibers F T and P tpl ( T ) are isomorphic and we chose an isomorphism such that ti(r) — fj(tpi(r)) 
for each section ti, hence to each point P T G F T corresponds uniquely a point P t X ( T ) G P tpl ( T ). The 
automorphism (. acts in the following way P T i— > — P tpl ( T ) + T tpl ( T ) where ' — 'is the operation on the 
elliptic curve and T s is the intersection of the fiber F s with the section t\. Its clear that l is an 
involution and its action on the section is t(tj) = t_i+j.. This involution, together with cr tl , generates 
the dihedral group T> n if ti is an 7i-torsion section. 

Moreover, if G = Z/2Z/ x Z/4Z and r is the 2-torsion section such that r £ (ti), then io r = o r i and 
hence (oy, at, t) = Z/2Z x P4. 

If G = (Z/3Z) and r is a 3-torsion section such that r (fi), then toy = o^T 1 /-, hence (<r r , i) ~ (cr t , l) = 
U3 and (oy , cr t , t) ~ J. 

5<ep ^: proof of (H2). The automorphism i fixes the class of the fiber on £q and the sum of all the 
sections (it clearly sends sections to sections). Since 1 does not fix the points of P 1 corresponding 
to singular fibers (this follows from the computation of the discriminant of the elliptic fibration £q), 
there are no components of the reducible fibers which are fixed by l. Hence 

NS(X) L <E>Q= (F, andso (NS(xy) 1 - = (F, < ) ± - 

teMW(£ G ) teMW(£ G ) 

We recall that also NS{X) G ® Q = (F, J2teMW(£ G ) *) ® Q ( cf - [SHI], [GS2]) and hence 

o G ~ (ivs(x) G )^ ~ (p, i > ± - 

Let PT = (a, G). Since NS(X) G ® Q = 7V5(X) 1 ® Q, we have 7V5(X) H ® Q = ^^(X) ® Q and so 

~ (NSiX)*)- 1 - ~ (^(X) )^ ~ Q G . 

□ 
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Remark 8.2. The group J is isomorphic to the group 21.3,3 described in [Muj . Indeed J is a finite 
group of symplectic automorphisms on a K3 surface. These groups are listed by Xiao, [Xl Table 2]. 
The order of J is 18 and there are only two groups in the Xiao's list with order 18. One of them is 
Z/3Z x X>3 but in J there are no elements of order 3 commuting with an involution, hence H has to 
be isomorphic to the other one, which is 2I3.3. □ 

In [G2j the case of the elliptic fibration £z/5Z is analyzed. In this situation it is possible to show that 
Es(—^) © Es(— 1) C NS(X z / 5 i). Hence one can define an involution which switches these two copies 
of Es(— 1) (by Definition this is a Morrison-Nikulin involution, cf. |vGS[ Section 4.4]). In the case 
G = Z/6Z the situation is very similar. 

We will need the following trivial lemma and so we recall that given a lattice T, the length I (At) is 
is the minimum number of generator of At := T v /T. 

Lemma 8.3. Let n € N and (T,bx) be a lattice such that: i) rkT = I (At); 
ii) T v /T ~ ® . 1i/ndiL and Pi generate IjndiL in T v /T . 

Let L be the free 1-module L = {x £ T <£> Q such that nx € T} and bh — n(bT®Q>)\L a bilinear form 
defined on L. Then (L,bi,) is a lattice and T ~ L(n) if and only if b T ®Q(diPi,djPj) € ^Z. 
Moreover L is an even lattice if and only if bT®<Q(diPi, diPi) 6 ^Z. 

Proposition 8.4. Let G be one of the following four groups: Z/nZ, n = 5, 6, Z/2Z x Z/4Z, (Z/3Z) 2 . 
Let Eq be the generic elliptic fibration such that MW(£q) = G. Then: the involution l (defined in 
proof of Provosition \8. 1}) is a Morrison-Nikulin involution for G = Z/nZ, n — 5, 6 and G = (Z/3Z) 2 
and it is not a Morrison-Nikulin involution if G = Z/2Z x Z/4Z. 

Proof. The case G = Z/nZ, n = 5,6. We consider only the case n = 6 because the other is very 
similar and in part it is analyzed in [G2\. The equation of £z/6Z ls given |GS2( Table 1]. We recall 
that the reducible fibers of the fibration £z/ez are 2Lq + 2/3 + 2/2 + 21% (we will number the reducible 
fibers assuming that the first two reducible fibers are of type I§, the third and the fourth are of type 
^3, the fifth and the sixth are of type 12)- Let t\ be a 6-torsion section, then t\ ■ C± = 1 for all 
j = 1, ... ,6 and ti ■ = if i ^ 1. Here we give two orthogonal copies of E$(—l) which are 
contained in N S(Xj i /qj i ): 

r (3) r (3) „ r (l) 

I 

°o 

^(4) r (4) . r (2) 

L/2 — \ — 1 — 1 



There exists a Morrison-Nikulin involution, lm, of the surface which switches them (cf. |Mol Propo- 
sition 5.7]). This involution switches the singular fibers of the same type and acts on MW (£z/6z) 

sending s «-> t\, ti £5, *3 t s (this is deduced by the fact that ti ■ cj' 1 ' = tAf(*») • i>M(Cj ))■ We 

observe that the action of lm on the sections is U <-> £ »+i - Hence Lm is the involution defined in 

proof of Proposition [HTj In particular T>q = (lm, erg). 

The case G = (Z/3Z) 2 . The elliptic fibration £( Z / 3Z )2 has 8 fibers of type J 3 (cf. [GS2l Table 
2]). The transcendental lattice of the surface ^(z/3Z) 2 is isometric to U(3) © t/(3). The automor- 
phisms 1 switches pairwise of fibers of type L3. On the quotient elliptic fibration this gives 4 fibers 
of type I3. Moreover the automorphism l fixes two smooth fibers, and on each of these fibers it 
has four fixed points. On the quotient elliptic fibration £/i this gives two fibers of type Iq. So 
the trivial lattice of the elliptic fibration £ j l is U (B A® A © D® 2 and there are no sections of infi- 
nite order, because rk(Trg/ L ) = rk(NS(X(i/ 3 z) 2 A))- The discriminant of the trivial lattice is 3 4 2 4 . 
By |Shim| the elliptic fibration £/i is such that tors(MW(£(z/3Z) 2 /J) — {!}• This implies that 



rt(i) r d) r {i) 

M 2 ) 
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d(NS(Xcz/3Z) 2 A)) = 3 4 2 4 = 6 4 . Moreover it is easy to find the discriminant form of NS(X(%/3z) 3 A)- 
The discriminant form of the transcendental lattice is the opposite of the one of the Neron-Severi 
group. Hence one can directly check that the hypothesis of Lemma 18.31 with n = 6 are satisfied by 



T , and so there exist a lattice L such that T = L(6). The discriminant form of L, 

j5 ^(Z/3S) 2 / t -^(2/3Z) 2 1 1 

computed by the one of T — -— , is trivial, hence L is a unimodular lattices with signature (2,2). 

^(2/32)2 A 

This implies that L ~ U © U and so T ; ~ U(6) © U(6). Since U(6) © 17(6) ~ (T x „, , a )(2), 

-*(Z/3Z) 2 A _ (Z/3Z) 

the involution t is a Morrison-Nikulin involution (cf. |Mol Theorems 5.7, 6.3]). 

The case G — Z/2Z x Z/4Z. The elliptic fibration £z/2Zxz/4Z has 4 fibers of type ^4 and 4 fibers of type 
^2 (cf. |GS2( Table 2]). The automorphisms t switches two fibers of type I4, two other fibers of type I4, 
two fibers of type L 2 and the remaining two fibers of type L 2 . Moreover it fixes two smooth fibers and 
in particular four distinct points on each of these fibers. As in case G = (Z/3Z) 2 this gives the quotient 
elliptic fibration. The trivial lattice of the elliptic fibration £/l is U (B Af 2 G) Af 2 ® Df 2 and there are no 
sections of infinite order. The discriminant of the trivial lattice is 2 10 . By Shim] the elliptic fibration 
£/l is such that fors(MW(£ z/2 zxZ/4zA)) = (Z/2Z) 2 . This implies that d(NS(xft)) = 2 10 /2 4 = 2 6 . 
We observe that also d(NS(X%/ 2 xz/4z)) — 2 6 . In particular this implies that 1 is not a Morrison- 
Nikulin involution, indeed, if Y = X/i with a Morrison-Nikulin involution i, then Ty = Tx(2) (cf. 
[Mol Theorems 5.7, 6.3]) so in particular d(NS(X)) = 2 22 -^ x U(NS(Y)), where p(X) is the Picard 
number of X. □ 

Proposition 8.5. Let G, t and Eg be as in Provosition \8.1\ Let K = (G, l). Then: 

i) the desingularization, Xq/ K , of the quotient Xq/ K is such that N S{Xq / K) ~ N S{Xq/ ' l); 

ii) the desingularization of the quotient Xq/K is such that NS(Xq/K) is an overlattice of index 
4ofU(2)®M K . 

IfG = Z/nZ, n = 5,6, thenTrr~r ~ T-~- ~ t/(2)©[/(2n), if G = (Z/3Z) 2 , thenTrr~r - T <r^ - 
17(6)917(6). 

Proof. Here we consider the case n = 6. The others are very similar. 

Proof of i). Let £/t be the quotient elliptic fibration. The involution u switches the two fibers of 
type Iq, the two fibers of type ^3, the two fibers of type L 2 - On E/i these reducible fibers correspond 
to one fiber of type L 6 , one of type ^3, one of type I 2 - On the fibration E, 1 fixes two smooth 
fibers. On these fibers 1 fixes 4 points (the points P such that 2P — T where T is the intersection 
of the fiber with the section tx). Hence these two fibers corresponds on E/l to 2 fibers of type 
Lq. So the trivial lattice of the fibration E/i is U © A 5 © A 2 © A\ © Df 2 . Choosing a numbering 
of the fibers and of the irreducible components (D^) of the fibers we assume that the first fiber 
is of type Lq, the second of type I3, the third of type L 2 , the fourth and the fifth of type Lq and 
F ~ 4 4) + D[ 4) + 2Df + 4 4) + D[ 4) ~ + D[ 5) + 2D { 2 5) + + Df where F is the class of 
the fiber and ' ~' is the linear equivalence of divisors. 

The elliptic fibrations with trivial lattice U © A% © A 2 © A\ © Df 2 admit a 2-torsion section r (cf. 
[Shim] ) and up to a choice of numbering of the components of the reducible fibers we can assume, by 
the height formula, that the intersection numbers are: 

r ■ DP = r ■ D {2) = r ■ = r ■ = r ■ D[ 5) = 1 

and the other intersections are zero. 

Now let us consider the quotient X/Vq, Under TJ> 6 , the orbit of the curve Cf consists of all the 

(i) 

curves C- , i = 0, . . . , 5, j = 1, 2, so it is made up of all the components of the two fibers of type L 6 . 
Hence the image of these two fibers on X/T>q is a nodal curve, where the node is the image of the 
singular points of the two fibers of type Lq. Analogously, the image of the two fibers of type ^3 is a 
nodal curve. The node is the image of the singular points of these fibers, and it is a singularity of 
type A\ for the surface X/T>q. Indeed on X the singular points of the fibers of type ^3 are fixed by 
cr? and hence their stabilizer is Z/2Z, this implies that the corresponding point on the quotient is a 
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singularity of type A\. With the same argument, one notices that the two fibers of type I2 correspond 
on the quotient to a nodal curve, whose node is a singular point for X/T>q of type A2 and the two 
fibers of type I± correspond on the quotient to a nodal curve, whose node is a singular point for 
X/T>q of type A§. Each of the two smooth fibers fixed by 1 correspond on the quotient to a rational 
curves with 4 singularities of type A\. Blowing up these singularities we find the quotient elliptic 
fibration E/T>§. Its singular fibers are/i + I2 + I3 + I§ + 2Iq. The trivial lattice of this fibration is 
U © A\ © A2 © A5 © D® 2 . It has a zero section (the image of the sections of £), it has no sections 
of infinite order (because it has Picard number equal to 18, as the one of X and its trivial lattice has 
rank 18) and has a 2-torsion section ( |Shimj ).The singular fibers of the £ /T>q are the same as the ones 
of Ejb and MW{£/T>§) — MW(£/l). Moreover up to a choice of the numbering on the components 
of the reducible fibers one can assume that the intersection property of the 2-torsion section on £/T>q 
are the same as the one of the 2-torsion section of £/i. The Neron-Severi group of an elliptic surface 

is completed determined by its singular fibers and by its sections and hence NS(X/i) ~ N S(X /T>§). 

Proof of ii). Let us consider again the quotient X/Vq. We will call the components of its reducible 

(i) 

fibers B\ and we number the fibers assuming that the first is of type Iq, the second of type I2, 
the third of type I3 and the fourth and fifth of type Jq. By the construction described above the 
components which do not intersect the zero section of the fibers of type Iq, I3, 1% arise from the 
desingularization of singular points of type A$, A2, A± respectively on the quotient X/T>q. So the 
components i — 1, . . . , 5, Bj , j — 2,3 and are curves in Md 6 . The fibers of type Iq on 

X/T>6 are obtained as desingularization of a rational curve which has 4 singularity of type A±, hence 
the components B^ of the fourth and fifth fibers which resolve the singularity of type A\ on the 
quotient X/Vq are St , h = 0, 1, 3,4, k = 4, 5 and hence they are curves in Mp 6 . The curves B^ , 
i = 1, . . . , 5, Bf \ j = 2, 3, B[ 3 \ B ( h k \ h = 0, 1, 3,4, k = 4, 5 generates the lattice A 5 © A 2 © Af 9 
which is a sublattice of Mp 6 . The lattice Mj> 6 is described in (Xj Table 2, Lemma 2] as overlattice 
of A 5 © A 2 © Af 9 obtained by adding two 2-divisible classes and hence A 5 © A 2 © Af 9 M Vf , is an 
inclusion with index 4. Indeed the classes 

v := i(4 4) + B[ 4) + Bf + i?l 4) + 4 5) + Bf ] + B^ + B[ 5) ) ~ (F + B^ + B^\ 
u, := § (jjW + + B p + flW + E ^ 4 (fl 8 W + „ r _ 2 F - s, 

where r is the 2-torsion section of £/T>q, are in Md & C N S(X /Vq). 

The orthogonal lattice to Mt> b in NS(X/T>e) is made up of the two classes F and z := — 2s + b[ 4 ^ + 
2B { 2 i] +B { 3 i] +B[ i} +B ( ] 5) +2B { 2 5) +B { 3 5) +B ( A 5) . They generate a lattice which is isometric to U(2). Hence 
[7(2) © M Ve ^ NS(X/V 6 ) with a finite index. This index is 4 = (d(U(2) © M Ve )) / (d(NS{X/V 6 
and in fact the classes 

z + B[ 4) + B ( 3 4) + B?> + Bf ] + B^ 5) + Bf ] G 17(2) © M v , 
F + B { 4) + B[ 4) + B ( 3 4) + Bf ] G U{2) © M n 



are divisible by 2 in NS(X/V e ). 

Let v be a Morrison-Nikulin involution on a K3 surface 5. Then T^r — 7s(2) (cf. Mo, Theorems 
5.7 and 6.3])). The transcendental lattice of X z / nZ is computed in [GSlj and is isometric to U ®U(ri). 



So T , ~ U(2) © U(2n). Since NS(X/l) ~ NSiX/K), the discriminant form of Trrr is isometric 

to the one of T^j-^. The lattice with such a discriminant form is uniquely determined, up to isometry, 



indeed by Lemma l8.3l it is multiple of a certain lattice which is uniquely determined by |N2( Corollary 
1.13.3]. Hence T — ~T —j □ 

Remark 8.6. As in Remark 17.91 one obtains that for n — 5, 6 the lattice DIH2 n {^) described in 
|GL| is isometric to the lattice f2p n (— 1), and, by Remark 1 6. 31 they are both isometric to MW(Fgen)t 
described in Shiol]. The isometry f2i> 5 (— 1) ~ DIHiq(16) was proved also in |G2| . □ 
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ELLIPTIC K3 SURFACES AND SYMPLECTIC AUTOMORPHISMS 



In Proposition ^. II we exhibit K3 surfaces obtained as quotient of other K3 surfaces X with an abelian 
group G of symplectic automorphisms, such that NS(X) ~ U © Mg. In the case G = T>$, T>q, 21 3j3 , 
Z/2Z x V4 this is not possible, indeed there exists no K3 surfaces with Neron-Severi group isometric 
to U © Mq for one of these group G. 

9. Final remarks on finite groups of symplectic automorphisms. 

In Section [5] we analyzed the following property of a pair of finite groups (H, G) : 
(P) • G acts symplectically on a K3 surface; 

• H is a subgroup of G; 

• the K3 surfaces admitting H as group of symplectic automorphisms admits necessary the 
group G as group of symplectic automorphisms. 

In particular we analyzed this property by a geometrical point of view, constructing elliptic surfaces 



and using them to show that certain pairs (H, G) satisfy property (P) Here we reconsider this property 
from a point of view more related to the lattices. 

Proposition 9.1. A pair of groups (H,G) satisfy property \(P)\ if and only if H C G and rkflH = rkTlQ. 



Proof. If (P) holds, then Cljj C Q G (because H C G and the K3 surfaces which admits G as 
group of symplectic automorphisms admits H as group of symplectic automorphisms), in particu- 
lar rk£l# <rkf2(3. If X is a generic algebraic K3 surface such that H acts symplectically on X, then 



p(X) = 1 + rkfl H . If Property [(P)] holds, then Q K C NS(X) (c.f. Proposition [TT]) . Since n G is 
negative definite, rk^lc < p(X) — 1 = rkfln, hence rkf2# =rkf2<3. 

Viceversa if H C G, then Qh Q ^g- Since rkf2/f=rkf2c the inclusion Qh ^ ^G has a finite index. 
As both Qh and are primitively embedded in the Neron-Severi group of the surface the index of 



the inclusion Qh ^ ^g is 1, which implies Property (P) □ 
We recall that for each group G of symplectic automorphisms on a K3 surface rkf2G=rkMc and rkMc 
is computed by [Xj . 



Remark 9.2. There are no pairs (H, G) with the property (P) and rkSlc < 16. Indeed from Xiao's 
list we deduce that rkfi G S {8, 12, 14, 15}. If G is such that rkfi G = 8, then G = Z/2Z. In the other 
case there is more then one group, but there are no inclusions among them. For example the groups 
G such that rk£7c=12 are Z/3Z and (Z/2Z) 2 , but of course there are no inclusions between them, and 



hence it is not possible to have a pair (H,G) with the property (P) and t\<£Lq—\2. The other cases 



are similar. □ 

Remark 9.3. Let us assume rkSlc = 16. The only pairs of groups (H, G) satisfying the property 
[(P)]are (Z/5Z,£> 5 ), (Z/6Z,£> 6 ), (Z/2Z x Z/4Z,Z/2Z x P 4 ), ((Z/3Z) 2 , 2l 3:3 ) (i.e. the pairs studied in 
Section [5]). This follows by the list in [X]: the only groups G such that rkfic = 16 are Z/5Z, 
Z/6Z, £> 6 , Z/2Z x Z/4Z, Z/2Z x X> 4 , (Z/3Z) 2 , 2l 3:3 , 2l 4 . So one has only to check that all the possible 
inclusions among these groups are those listed above. In particular the group 2l 4 is the only one which 
does not appear in a pairs (H , G) . □ 

Remark 9.4. In Xiao's list there are 31 groups G acting symplectically on a K3 surface such that 
rk^G=19. By [MuJ there are 11 maximal groups acting symplectically on a K3 surface and for each 
of them the rank of the associated lattice Vl is 19. Hence there exist pairs (H, G) such that (H, G) 



satisfy the property (P) and ikTln =19. It would be interesting to find explicit examples to show this 



fact from a geometrical point of view. □ 
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